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Abstract-Using linear elasticity theory, the formal solutions to a general class of non-axisymmetric, transient,
elastic wave-propagation problems involving an infinite, isotropic, elastic plate are given. For the particular
problem of the sudden application ofnormal half-ring loads on the faces of the plate, explicit inversion is achieved,
and some far-field numerical results, based on a low-frequency, large-wavelength approximation are presented.

INTRODUCTION

THE present paper gives the formal (transformed) solutions, based on linear elasticity
theory, to a general class of non-axisymmetric, transient, wave-propagation problems
involving an infinite, isotropic, elastic plate. The theory is applied to the particular
problem of the sudden application of normal half-ring loads on the faces of the plate,
and for this case explicit inversion is achieved. Some far-field numerical results, based on a
low-frequency, large-wavelength approximation, are presented.

Recent years have seen the emergence of greatly increased interest in transient elastic
wave propagation in isotropic rods and plates. Axially symmetric problems involving the
rod geometry have been treated by Skalak [1] and by Fox et ai. ([2] and [3]). Extensions
of this type of work to non-axisymmetric cases were given by De Vault and Curtis [4),
whose studies more or less completed the treatment of the mixed problem for semi
infinite rods. The plate geometry has also received attention, work on axisymmetric
problems being done by Fulton and Sneddon [5], Miklowitz [6] and Knopoff and
Gilbert [7]. However, the only contributions on non-axisymmetric inputs that appear
to exist are those given by Davids et ai. ([8] and [9]), who treated specialized cases in
volving simple, trigonometric, angular dependencies. Mention should also be made of
the work of Harkrider [10], who considered waves generated by a time-harmonic, non
axisymmetric source, buried in a layered half-space with a stress-free surface. Thus, as far
as the authors are aware, there has been no general treatment of non-axisymmetric,
transient, elastic, wave propagation in a plate, and it was this basic lack of information
which led to interest in the present work.

The formal solutions are obtained by means of multi-integral transforms (Laplace
and Fourier), and a superposition method based on inverse Hankel transforms. Inversion,
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for the particular case of the sudden application of normal, half-ring loads on the plate
surfaces, is carried out by means of residue theory, and some far-field information is
obtained by means of a low-frequency, large-wavelength approximation.

STATEMENT OF GENERAL PROBLEM AND
DERIVATION OF FORMAL SOLUTIONS

The problem to be treated is that of an infinite, homogeneous, isotropic, elastic plate
of thickness 2H, on whose surfaces certain time-dependent stresses, which generate non
axisymmetric waves, are applied. Cylindrical coordinates r, 8, and z, are used, with the
z-axis-origin at the plate center-perpendicular to the plate surfaces.

The displacement equation of motion of a linear homogeneous, isotropic, elastic solid
is, for zero body forces,

02U
(},+2ft)V(V. u)- ftV x V x u = p' ot2 (1)

where u is the displacement vector, Aand ft are Lame's constants, p' is the material density,
and t is the time. Equation (1) is satisfied by

u = Vip +V x A (2)
provided

(3)

(4)V2A = ~ a2
A

c; ot2

where d = (Ao +2ft)!pi and c; = ft!pi are the dilatational and equivoluminal wave speeds
squared, respectively. In cylindrical coordinates, equation (4) is satisfied by

A = Xez +V x (l/tez) (5)

where ez is a unit vector along the cylindrical axis, provided the scalar functions Xand l/t
satisfy

(6)

V2l/t = .L 02l/t (7)c; ot2 '

It can readily be shown that X and l/t represent SH, or torsional, and SV type waves,
respectively.

Substituting equation (5) into equation (2), and using equation (7), the displacement
potential relations are found to be

alp 1 OX 02l/t
Ur = &=' +r iJ(} +oroz (8)

1 olp aX 1 02l/t
UIJ = ~ 00 - or +~ 00 oz (9)

alp 02l/t 1 02l/t
Uz = a;+ OZ2 - c; ot2' (10)
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(12)

(13)

(19)

(18)

(17)

(20)

(21)

(11)

The pertinent stress-displacement relations are

[
1 a 1 oUo au,] au,

(J,z = A -;. ar(rur )+-;. 00 +~ +2jl~

a=o = jl(~ ~~+:~)

(
OUr OUz)

azr = jl ~+a;: .

The boundary conditions, which correspond to a fairly general class of non-
axisymmetric problems, are taken as

au = - ft(r)gt((l)h1(t), Z = ±H (14)

(J,r = ±f2(r)g2(fJ)h2(t), Z = ± H (15)

(Jze = +=J~(r)g3(8)h2(t), Z = ± H. (16)

It should be noted that these boundary conditions are symmetric w.r.t. the mid-plane of
the plate, so that only the corresponding wave motions are generated (i.e. compressional
and a class of torsional modes). However, this restriction to such modes, which is taken
for algebraic convenience, in no way detracts from the generality of the subsequent
solution technique.

Taking the Laplace and finite Fourier cosine transforms (w.r.t. t and 0, respectively)
ofequations (3), (7), (8), (10), (11), and (13), and the Laplace and finite Fourier sine transform
of equations (6), (9), and (12), gives, on assuming zero initial conditions,

{ptp 1 otpc (P2 p2) -c a2tpc-+--- -+- ({J +-- = 0
or2 r or r2 d OZ2

02~C +~ o~c _ (P
2+p2) ~c+02~C = 0

or2 r or r2 c; OZ2

021.S 1 a1.s (P2 p2) -s 021.S-+--- -+- X +-=0or2 r or r2 c; OZ2

;;c atpc p"'s 02~C
Ur = --+-X +--

or r or oZ

"'C atpc a2~C p2 "'c
Uz = +~ 2'"uZ Cs

(22)

(23)

(24)

(25)
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(27)

(26)

(28)

where a bar denotes the Laplace transform, parameter p, and a tilde denotes a Fourier
transform, parameter [3. The superscripts C and S denote cosine and sine transforms,
respectively. The 8 dependence could also be suppressed by interchanging the roles of
the finite Fourier transforms, and for more general problems the expressions obtained by
both procedures should be superposed. The assumption here is that the 8-dependence
in the boundary conditions is such that U r is an even function of 8, etc.

Equations (17) through (25) are partial differential equations, and, in the scheme of
multi-integral transform approaches, another independent variable must be suppressed.
Now it is known that boundary conditions are "built into" an integral transform, and
that these boundary conditions are of the mixed type. Thus z in the above equations cannot
be suppressed by means of an integral transform, since the boundary conditions on
z = ± H are of the non-mixed type. Hence one has to work with r, and a natural procedure
would seem to be to try and use Hankel transforms. However, no Hankel transforms
which would ~chieve this appear to exist (for reasons which will be discussed later) and,
following Harkrider [10J, r is suppressed here by means of a superposition technique.
The expressions

{pC = {'J Z t (k, p, z)Jp(kr) dk

~c = foro Z2(k, p, z)Jp(kr) dk

Xs = foro Z 3(k, p, z)Jp(kr) dk

where J denotes a Bessel function of the first kind, satisfy equations (17), (18), and (19),
provided

where

j = 1,2,

(29)

(30)

t"/~ = (k2+p2jd), t"/f = (k 2+p2jc;).

The solutions to equations (29) and (30) which are symmetric W.r.t. the mid-plane of
the plate are

ZI = B\(k,p)cosht"/2z, Z2 = B2(k,p)sinht"/tz, Z3 = B3(k,p)cosht"/\z

where B \ , B2, and B3 are to be determined. Substituting these expressions into equations
(26), (27), and (28), gives the potentials, and once these are known, the displacements and
stresses can be found from equations (20) through (25). The stresses are found to be

o;z = /1 foro [Bl(t"/f+k2)cosht"/2z+2B2t"/\k2cosht"/\zJJp(kr)dk (31)

~o;r = fro [2B\t"/2 sinh t"/~+B2(t"/f+k2) sinh t"/\zJ dd Jp(kr) dk
/1 Jo r (32)

f
ro [3

+ B3t"/\ sinh t"/\z-Jp(kr) dk
o r
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(33)
roo d

+ J
o

B3'l, sinh'l,zd/p(kr)dk.

One comment seems appropriate here. It was mentioned previously that no Hankel trans
forms which are directly applicable to the present problem appear to exist. The reasons
for this can be seen, for instance, in equation (33). There the functions (fJlr)}p(kr) and
(d/dr)}p(kr) are each multiplied by different, arbitrary functions of k, and the kernel of
any Hankel transform would have to reflect this fact.

The above equations are in the form of integral superpositions over the wavenumber
k, whereas the boundary conditions-Laplace and finite Fourier transformed-still con
tain arbitrary functions of r. Thus, representations of these arbitrary functions, which are
suited for application to equations (31), (32), and (33), must be found. This key feature of
the solution procedure is achieved here by means of inverse Hankel transforms. Focusing
on equation (15), for example,f2(r) may be written

12(r) = Loo
kj~-'(k)}p_,(kr)dk

= (00 J~-'(k)[~}p(kr)+~}p(kr)J dkJo r dr

where

Using representations such as these, the transformed boundary conditions can then
be applied to equations (31), (32), and (33). On noting the linear independence of (fJlr)Jp(kr)
and (d/dr)Jp(kr), one finds that the system is overdetermined,* in that five equations are
obtained to evaluate B, , B2 , and B3 • However, the system is determinate, if the condition

fi(fJ) = fJ(fJ)

is imposed, and henceforth this is assumed to be satisfied. Then B" B2 , and B3 , and
consequently the transformed field quantities, can be found. For example, the transformed
displacements are

~ = foo F2(k, p, z) } (kr) dk (35)
J1 Z D(k ) po ,p

.. Presumably the solutions obtained when the roles of the finite Fourier transforms are interchanged must
also be considered.
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FI(k, P, z) = IJ I[r 2(111 + k2) cosh '12 H + 2r1'12 sinh t}2H] cosh t} 12

- [r dlJT + k2
) sinh 111 H + 2r2'11 k2 cosh '11 H] cosh fhZ

F2(k, P, z) = k2[[2(11I+k2)cosh 112H +2[1'12 sinh 112H] sinh fltZ

-'12(r 1(11t+k2) sinh I1I H +2r211tk2 cosh t}IH] sinh 1122

D(k, p) = (11T +k2)2 cosh 112H sinh 11IH -4k2'1t112 cosh '1tH sinh I12H

[l(k, fJ, p) = kJ1(k)li(fJ)1i t(p)

[2(k, fJ, p) = J~-t(k)g(fJ)1i2(P)

g(fJ) = g~(fJ) = ~(fJ)·

Equations (34), (35), and (36) constitute the formal solutions, but rather than approach
inversion in a general context, attention is now focused on a particular problem.

SUDDEN APPLICATION OF NORMAL HALF-RING LOADS

In this section the general theory is applied to the particular problem of the sudden,
symmetric, application of normal half-ring loads. This particular excitation is of interest
in that the angular dependence involves more than simple trigonometric functions, and
it is capable of being simulated experimentally by ring transducers.

The boundary conditions are (see Fig. 1)

O'oJ(r-a)
O'zz = _. Q(O)H(t), Z = ±H (37)

nr

2 = ±H

HALF-RING
LOAD

(38)

TOP VIEW

o

2H ----x

o

sire VIEW

FIG. I. Geometry of the half-ring load.
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where J denotes the delta function, H(t) the Heaviside unit step function, (fo is a load con
stant, and

{
a, -1t/2 < 0 < 1t/2

Q(O) =
1,1t/2 < 0 < 1t, -1t < 0 < -1t/2.

Substituting equations (37) and (38) into equations (34), (35), and (36), the transformed
displacements are found to be

~ = _ (foy(f3) (00 kF) (k, p, z) ] (ka)!!] (kr) dk
r 1tJ1. Jo pD(k,p) p dr p

~ = (foY(P) (00 kF2(k, p, z) ] (ka)] (kr) dk
z 1tJi Jo pD(k, p) p p

~ = (foY(P) f.oo kF1(k, p, z) ] (ka)~] (kr) dk
1tJi 0 pD(k, p) P r P

where now

F1(k, p, z) = (I1T +k2) sinh 11 1H cosh 112Z - 211 1112 sinh 112H cosh 11) z

F2(k, p, z) = 2k2112 sinh 112 H sinh '11 z -112(I1T +k2) sinh '11 H sinh 112 Z
and

(39)

(40)

(41 )

P= 2,4,6, ...

P=O

P= 1,3,5, ...

(42)

Applying the Fourier inversion* theorems, gives, on using equation (42),

J1.1t - 2 ~ [Joo kF1(k, p, z) d J
-Ur = - L. f.p (k ) ]p(ka)-d ]p(kr) dk cos PO
(fo 1t P=O,l,3, 0 pD, p r

Ji1t Uz = _~ f f.p[ (00. kF2(~ p, )Z) ] p(ka)]p(kr) dkJ cos PO
(fo 1t (J=O,1.3, . Jo pD, p

1 ~ . P1t[ (00 kF l (k, p, z) J
- -;: _L. sm 2" J( D(k)]p(ka)]p(kr) dk sin PO

P-l,3, 0 P ,p

where

(43)

(44)

(45)

j
-1t/4, P= °

f.p = 1 . P1tpsm 2 , P= 1,3, ...

The next step in the development of the solutions is the inversion of the Laplace trans
forms. It is now well known that two fruitful methods exist, one giving results suited for
near-field computation, whereas the other is geared to the far-field. The method suited to
obtaining near-field information (see, for instance, Rosenfeld and Miklowitz [11 J), consists

* It should be noted that if the boundary conditions had a cos p() or sin p() dependence, then the response
would have a cos p() or sin p() dependence.



72 R. A. SCOTT and J. MIKLOWITZ

of expressing the various hyperbolic functions in equations (43), (44), and (45), in terms of
exponential functions, expanding the denominators, and arranging the results into a
single series of exponentials, each of which can be identified with a particular type of wave.
Focusing on equation (44), for example, and restricting attention to the line r = 0 (with
the result that only one term in the fJ series survives), the contribution from the direct
compressional wave can be shown to be, on setting k = pw~

where

_~ ['" Wtl2(w)[w
2

+17r(w)] J ( ) -pQ2(ro)(H-=)d

2Jo R(w} 0 pwa e w (46)

17,(w) = (w2+ l/c;)!, 172(w) = (w2+ lid)!

R(w) = [w2+17i(w)F-4w2t1,(W)112(W),

Replacing the Bessel function by an integral representation, and interchanging orders of
integration, equation (46) may be written

p.1f. u = _ fJt [I 1 {L -, ['" w172(w) [w
2+tlr(w)] e - p[Q2(roj(H- =l+iroa~JdW} d~

(To = 1t Jo (l_~2)t Jo R(w)

where fJt denotes real part and L - 1 represents the inversion integral of the Laplace trans
form, As can be seen from the work of Rosenfeld and Miklowitz [11], the inversion integral
can be written in closed form by means of the Cagniard~DeHoop method. Thus results*
in the form of a sum of finite integrals (suited for digital computation) can be obtained,
each integral representing the contribution from a particular type of wave. However,
this aspect will not be developed any further here.

The method of inversion outlined above is not suited for far-field studies in that a
prohibitive number of wave contributions would have to be assessed, For such studies the
so-called modal method of inversion is called for, and this will now be pursued at some
length. In this approach, inversion is achieved with the aid of residue theory. The inte
grands in equations (43), (44), and (45) are even functions of tI, and 172 and so there are no
branch points in the p-plane. Then the only singularities are poles at p = 0 and at the
zeros of D(k, p), which, as shown by the authors [13], are pure imaginary, simple, and infinite
in number. Evaluating the residues and interchanging summation and integration gives

* These results are analogous to those obtained by Pekeris [12] in his work on the elastic half-space.
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where

K(cosh K cosh K( -( sinh K sinh KO-I/(a:2 -I) sinh K cosh K(
G3(KO = 2K +sinh 2K

K«( sinh K cosh K( -cosh K sinh KO-a: 2/(a: 2 -1) sinh K sinh K(
G4(KO = 2K + sinh 2K

F4(K, On, () = kdi2 sinh Kkdn sin Kksn( -1/1nsin Kksn sinh KkdnO

M(K, On) = - (1/1; + 4k;n) cos Kksn cosh Kkdn + ( ~k; - 4kdn ) sin Kksn sinh Kkdn
ksn rx a: dn

I/In h k . k 4 (ksn kdn ) Kk . h Kk+4 K cos K dn sm K sn- K 2'k-k cos sn sm dn
a: dn sn

kdn = [1- ~;}~)r; ksn = [~~)-lr·

and the following dimensionless variables have been introduced: HR = a, Hp = r, H( = z,
r = wst, Hws = cs' a:2 = dlc;, K = kH, wsOn(K) = wn(k), where wn(k) is a root of the
Rayleigh-Lamb frequency equation for the propagation of harmonic, straight-crested,
compressional waves in an infinite plate of thickness 2H.

The form of the above solutions clearly indicates the greater complexity involved in
non-axisymmetric problems over axisymmetric ones. Both have in common the sum over
the roots of the Rayleigh-Lamb frequency equation, but in the present problem, lack of
axial symmetry leads to an additional Neumann-type summation over Bessel functions.
Complicated though the response is, it should be mentioned that it is simpler than the
rod response, as given by De Vault and Curtis (4), in that for the rod the sum over the
Bessel functions couples into the modes of circumferential propagation, whereas no such
modes exist for the plate.

Extraction of numerical information from the solutions as they stand presents a formid
able task, but some useful far-field approximations can be made and these will now be
described.

FAR-FIELD APPROXIMAnONS

Miklowitz [6] has shown on the basis of the first three modes of the Rayleigh-Lamb
frequency equation, that it is the low frequency, large wavelength portion of the lowest
mode which governs the earliest arriving disturbance. Though still earlier arriving waves,
associated with the dilatational wave speed, can occur, experiment* (see Fox et al. [3]

* The experiments have been performed for the rod geometry, but because of the close similarity between
the rod and plate spectra, the inference is that they are also descriptive of the plate.
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(52)

(51)

and Miklowitz and Nisewanger [14]) has indicated that these high-frequency components
have no appreciable amplitude in the far-field. The assumption here is that the distribu
tion in the O-direction does not alter this situation, and so henceforth attention is restricted
to that portion of the spectrum considered by Miklowitz in [6], i.e., the summations over
n in equations (47), (48), and (49) is deleted.

Equation (47) becomes, on using some relations between Bessel functions and their
derivatives,

Since interest here is in the far-field, the terms in equations (48), (49), and (50), involving
1/p and 1/p2 may be deleted and thus the dominant, early-arriving, far-field disturbance is
given by

JlHnu 2 00 {fOO }
r = __ L Bp G3(K()Jp(KR)Jp+ I (Kp)dK cosPO

(10 It p~0.1.3. 0

4 ~ {[OO KF3(K, QI, () cos QI(K)r }
+;P~tl.3.ep Jo Q~(K)M(K,Qd Jp(KR)Jp+I(Kp)dK cosf38

jlHnuz 2 00 {[OC' }
(10 -; P~tl.3 Bp J

o
G4(K()Jp(KR)Jp(Kp) dK cos PO

+~ f BP{[OO KF4(K~QI,()coSQlr Jp(KR)Jp(KP)dK} cos pO.
ItP~0.1.3. Jo Q 1M(K.Q 1)

A standard procedure in developing far-field approximations has been to replace the
Bessel functions involving p in the above equations by their large-argument asymptotic
expansions. However, this should be done with some caution, since it is known to lead to
errors in other fields (see Fante [15]). Sufficient conditions for the asymptotic expansion
of an integral being the integral of the asymptotic expansion of the integrand are (i) the
resulting integrals should exist, and (ii) the asymptotic expansion of the integrand should
be uniformly valid in the integration parameter over the range of integration (see Erdelyi
[16J). Thus if the Bessel functions involving p in equations (51) and (52) were to be re
placer by their large-argument asymptotic expansions, condition (ii) would be violated,
since, for a fixed, large value of p, there are values of K in the integration range such that
Kp is small w.r.t. the order of the Bessel functions. Rather than attempt to work with
uniformly valid expansions. a possible approach under the above circumstances is as
follows:

The integral in the first term on the right-hand side of equation (51) may be written

f
K' fooIt = L(K)Jp+I(Kp)dK+ L(K)Jp+I(Kp)dK

o Kl

(53)



(54)

Transient non-axisymmetric wave propagation in an infinite isotropic elastic plate 75

where
L(K) = G3(KOJP(KR)

and the small number K I is such that KIP is large W.r.t. the order of the Bessel functions.
Thus in the second term on the right-hand side of equation (53), replacement of the Bessel
functions by their large-argument asymptotic expansions is permissible. However. the
resulting expression is a Fourier integral and so. by the Riemann-Lebesque lemma, the
contribution from this source is of order 1/pt. which. as will emerge, is of lesser significance
than other terms which arise. On expanding L(K) in a Taylor series about K = 0, equation
(53) gives

L(O) fK1P ( 1 )
II = P 0 Jp(~)d~+O pt

= L~O) {faoo Jp(~)d~- L~p Jp(~)d~} +O(;t)
or. replacing Jp in the second integral by its large-argument expansion and evaluating
L(O),

(J

II = 2p ()op

where (J is Poisson's ratio and ()op denotes the Kronecker delta. In a similar fashion the
first integral on the right-hand side of equation (52) becomes

foo G4(O, ,) ( 1 )
12 = 0 G4(KOJp(KR)Jp(Kp)dK = p ()op+O pt

= O+O(;t).
The second integral on the right-hand side of equation (51) may be written

13= fK1P Qp(K) cos 0. 1(K)rJp+ 1(Kp) dK + roo Qp(K) cos 0. 1(K)rJp+ 1(Kp) dK
o JK1P

where

Using the large-argument expansion in the second integral one gets

13 = 14 +1 5

where

(55)

(56)

p = 0 (57)

p = 1,3 (58)
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(60)

{59}

The integrals 15 are now in a form to which the method of stationary phase, for large
p and fixed TIp, is readily applicable and this will be done shortly. Thus, for a uniform
treatment, an estimate of 14 , for large p and T is required. So far, this has not been achieved
by the authors and the subsequent development hinges on the following physical observa
tion:* since there is a correspondence between wavenumber K and group velocity cg(K),
and hence time of arrival plciK), the integral 14 describes events between T = plcg(O)
and T = plciK I), and for large enough P this interval can be made quite small. Thus
deleting 14 , i.e., letting K 1 go to zero in 15 , one obtains a response which is valid apart
from a small zone in the immediate vicinity of the arrival time corresponding to K 0,
which for compressional waves is the arrival time of the plate wavet p!cp, where c~ =
Elp'(l-O'2), E being Young's modulus. In the subsequent work here, it is to be understood
that the values of K and P are such that the arrival times involved do not lie in this zone
of possible inaccuracy, and henceforth contributions from 14 are deleted. A similar situa
tion arises in the treatment of the second integral on the right-hand side of equation (52)
and again contributions from terms analogous to 14 are deleted, with the understanding
that the subsequent response may lack accuracy in the immediate vicinity of the plate-wave
arrival.

Applying the method of stationary phase,! and using equations (54) through (58),
equations (51) and (52) become

fJ.nHu, a 20 [ sin pf 4 cos pf 00 1 ]
-- = ~-~V\{S,O Jo(SR) . 20,r+--:--20f 2:: -pJp(SR)cosP8

0'0 4p p sm ~ n sm p \,3,

fJ.7tHu z 20 [cos pf 4 sin pf 00 1 ]-- = ~ V2(S, 0 -'--, J o(SR) - - --, 2:: -Jp(SR) cos P8
0'0 P cos 201 7t cos 201 p= \,3, P

where

S is a point of stationary phase, Le., a root of

cg(S) = PIT

and the functions V\ and V2 , which have been computed by Miklowitz [6], are given by

1 [SO'\(S)]± F3(S, 0\,0 .
V1(S,O = 10 10';(S)1 20i(S)M(S, 0

1
) sm pf

1 [SO'I (S)]± F4 (S, 0\ , ()
V2(S,O = - 10 10'{{S)1 20t(S)M{S, 0t> cos pf

Some numerical calculations based on eGuations (59) and (60), are presented in Figs. 2
and 3. The interest here is in the effects of non-axisymmetry, and so the computations were
performed at a fixed station (p 1000, ( = 1), for several discrete values of S (i.e., time).

* Integrals such as h could of course be treated numerically.
t On the basis of the first three modes of the Rayleigh-Lamb frequency equation, the plate wave is the earliest

arriving disturbance in the far-field.
~ Noting that there is no contribution from terms involving K+o'l-r!P, since for the portion of the spectrum

under consideration, this factor does not have points of stationary phase.
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The other parameters involved were taken as R = 1, (j = 0·33. The above values, and the
choices of S, are such that the times involved are larger than the arrival time of the plate
wave, and moreover, very rapid convergence of the infinite series takes place.

Figure 2 gives the dynamic radial displacement (i.e., u, as given by equation (59), minus
the static solution aj4p) as a function of e, for 0 :-s; -e :-s; 180°-the only range required,
since Ur is an even function of e. An interesting feature of the response is the time oscilla
tion that is developed, as evidenced by the fact that for T* 0,060, the minimum amplitude
occurs at e= 0°, and the maximum occurs at e= 180°, whereas for T = 0,106, the mini
mum amplitude occurs at e = 180°, and the maximum occurs at e= 0°. The figure shows
that as time progresses the process is cyclic, the response for some times (i.e., T ~ 0'185)
being axisymmetric.

Figure 3 gives the vertical displacement as a function of e. It is seen that the same
overall features as noted above arise here also, i.e., a disturbance in which the maximum
and minimum amplitudes are either at e 0° or e= 180°, depending on the value of the
time involved.
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A6CTpaKT·-!1cnonb1Yll nHHeilHYKl TeopHKI ynpyrOCTlf, onpeLlenllKlTcli ljJopManbHble peweHHlI Llnll
o6wero KJlaCCa He cHMMeTpH'feCKHX, HeCTal.\HOHapHbIX 1aLla'f pacnpeLleneHHlI yrrpyrHx BonH,
Bbl1BaHblX 6eCKOHe'lHoil, H10TponHoil, ynpyroH nnacTHHKoil. nony'faeTCli RBHoe rrpeo6pa10BaHHe
LlJIli 'faCTHOH 1aLla'fH BHe1arrHo npHJIOJKeHHR HOpMaJIbHOH, rronyKonbueBOH Harpy3KH Ha noaepXHOCTliX
rrJIaCTlIHKH. npeLlCTaBJUIKlTCll HeKOTopble WHpOKlfe 'fIfCneHHble pe1YJIbTaTbl, OCHOBaHbl Ha rrpH
6JIHJKeHHH HHCKOH 'faCTOTbl H 60nbWOM ,!I:JIHHbl BOJIHbl,

* T = (ljp)(r-pjb), where b = cpjcs.


